We perform the mirror transformations of Calabi-Yau manifolds with one moduli whose . We also discuss to find the description for each mirror of (1,3) and (1,1) by combining invariant polynomials of variety on which (1,5) model is defined. The genus 0 instanton numbers coming from mirror transformations in above models look reasonable. We propose the weighted discriminant for genus 1 instanton calculus which makes all instanton numbers integral, except (1,1) case.
Introduction
A Calabi-Yau manifold is partially characterized by the Hodge numbers (h 11 , h 21 ). These are topological numbers which count the number of parameters that deform the Kähler class and the complex structure of the manifold. Recently, Calabi-Yau manifolds are paid attention where both Hodge numbers (h 11 , h 21 ) are small [1, 2, 3] . Many Calabi-Yau manifolds with various Hodge numbers are provided by construction with hypersurfaces in weighted projective spaces or in toric varieties. However manifolds admitting freely-acting discrete symmetry seem to be rare [4] . Models with small Hodge numbers have been found to classify all the freely acting symmetries for the manifolds [2, 5, 6, 7, 8, 9] . Besides the way of constructions, the Hodge numbers for the models with symmetry of order four have been calculated recently [10] .
Phenomenologically, it is interesting to search string theories with three generations compactified on Calabi-Yau manifolds with small Hodge numbers. Especially model (1, 4) with χ = −6 is the minimal theory which have been discussed in [3, 11] . Theoretically, it is worth investigating the case with minimal Hodge numbers (1, 1) found in [7] , whose enumerative property is not clear so far. These models are made by taking quotient of freely acting symmetry groups, so that Hodge numbers become both small [2, 3, 4, 7] , however their defining equations turn out to be complicated. In these cases, it is not obvious to carry out ordinary systematic calculation to derive Picard-Fuchs equation, and to perform the mirror transformation to calculate the instanton corrections.
In this paper, we attend to investigate the mirror transformations for one moduli models with small Euler numbers |χ| ≤ 8 with aid of computer algebra systems Mathematica and
Maple. Using Mathematica package "Generationgfunctions", we derive the Picard-Fuchs equation in such models. Monodromy behaviors are determined by numerical integration on Maple [12] . In order to determine the symplectic basis of periods, as well as, topological
indices of such models, we evaluate bi-linear form on periods numerically [13, 14] . To check the consistency of the results, we calculate the genus 0 and 1 instanton numbers to be integral values. Also it is interesting to investigate the relation between the models with
(1, h 21 ) where h 21 < 6, and their mirrors.
Picard-Fuchs equations for periods of Calabi-Yau three-folds have been studied extensively, and many kinds of equations have been found already in physical or mathematical contexts. Restricted to one moduli case, the automated search for 4th order Picard-Fuchs equations of Calabi-Yau type with maximally unipotent monodromy have been carried out [15] , and vast results including previously found operators have been summarized in "Calabi-Yau
Operators Database" on the web site [15] . Picard-Fuchs equations we derive in this paper are found in the database.
In section 2, we review mirror model of (1, 4) which is known example. From the evaluation of periods, we find Picard-Fuchs equation. Bi-linear form on periods gives the characteristic numbers, such as Euler number, Yukawa coupling K, c 2 , to suggest the way to determine the basis of monodromy. Instanton calculations of genus 1 as well as genus 0 are performed by using mirror map so that all instanton numbers becomes integral, where we propose weighted discriminant for 1-loop level determined from behaviors around singular points. In section 3, we investigate the sequence of manifolds with small Hodge numbers such as mirror models of (1, 5) , (1, 3) , (1, 1) . Starting from the invariant polynomials for (1, 5) model, and choosing suitable combinations of them, we propose the definition of mirror models of (1, 5) , (1, 3) , (1, 1) respectively. The mirror transformations in these models can be carried out in similar ways in section 2. The results about monodromy behaviors and instanton numbers are all consistent, except that instanton numbers for minimal model (1, 1) look strange.
Minimal model for three generations
As an examples of the Calabi-Yau manifold with small Hodge numbers (h 11 , h 21 ), we investigate the model with (1,4), and its mirror, which were found in [2, 3] . This Calabi-Yau manifold is constructed from X 8,44 , and was found in the course of the project to classify all the freely acting symmetries for the manifolds of the CICY list. Original space X 8,44 has
Euler number −72, and is invariant under freely acting group G whose order is 12. As is explained in [3] , quotient variety X 8,44 /G is smooth and has Euler number χ = −72/12 = −6.
The definition of this model consists of following three curves on six manifolds
where c i are four kinds of moduli parameters.
This is a minimal model of string theory with three generations compactified on CalabiYau manifold with χ = −6. Phenomenological aspects about of this model were discussed in detail in [3, 11] .
Mirror prescription
Toric description of this model is also given in [3] , and alternative defining curve consists of four parameter family of invariant Laurent polynomials in terms of homogeneous coordinates made of polyhedron ∆ as
where
3)
Obtaining the dual ∇ is to delete the vertices of ∆, which corresponds to setting parameters γ i equal to zero except one. One of defining curve for the mirror of (1,4) model is
[3]
In ordinary cases of toric varieties, you may find the Picard-Fuchs equation for the period integral Π
following the Griffiths-Dwork method. Differently it seems difficult to do in this case. So we first turn to find an exact form of the fundamental period ω 0 by picking up simple poles of period integral. Residues at t 1 = t 2 = t 3 = t 4 = 0 are calculated by expanding 1/P as
Fundamental period is
The multiple summations look still hard to derive Picard-Fuchs equation. Then we have recourse to the power of computer. By using Mathematica package "Generationgfunctions", we can find a differential equation for series expanded function. First we expand w 0 in Mathematica up to high enough orders, such as O(z 70 ). Next we apply the command "GuessRE" which derive the recursion equation among the coefficients of series expansion. After deriving the recursion equation, the command "RE2DE" tells us the differential equation for this period. The result is
where 
Classical Yukawa coupling
is basically a quantity exp(− 1 2 r 3 (z) dz). To check the consistency for Calabi-Yau, we see
The local property of the solutions of Picard-Fuchs equation is summarized the P symbol as follows.
From Picard-Fuchs equation, we can have other three independent solutions besides ω 0
14)
where polynomial part of above solutions Ω 1 , Ω 2 , Ω 3 are obtained order by order as
Using Mathematica you can get these Ω i up to orders you need. It is also possible to derive these four periods directly from Picard-Fuchs equation with aid of the software Maple. The command "dsolve" with options "series" and "z = 0" gives you four independent series solutions up to orders you define, for example "Order := 30".
Monodromy
In this model, there are seven singular points z = Symplectic basis we adopt here is
where K is Yukawa coupling, c 2 is second Chern class 1 , c 3 = χ is Euler number of CalabiYau manifold we consider here, and α is a constant which will be determined. So far this solution is nothing but of the model on X 8,44 with Yukawa coupling 216, second Chern class 144, and Euler number −72. As is well known, there is an undetermined overall factor for ω P 3 here, and this would be fixed from the topological informations of Calabi-Yau manifold. In the models which admit freely acting group, these topological numbers will be reduced simultaneously by moding out symmetries while their ratios will be kept. So we would like to use this degree of freedom so that Euler number in this case will be reduced χ = −6, and all monodromy matrices will be kept integral.
With this basis, monodromy around the origin is given by
A key combination of topological numbers to notice is c 2 12
when we reduce χ. Also we choose α suitable so that elements of monodromy matrices will be integers, otherwise we set
As the result, we can choose indices K, c 2 , c 3 with α = 0 as 18) and monodromy matrices M z i around z = 
Is is easy to check the consistency as
Above values of indices could be read from the analysis done by [3] , however the conditions that matrix elements for monodromy have to be integral, appear to be able to determine these quantity.
Bi-linear form
There is another way to find above indices by explicit evaluation of periods. Bi-linear form on periods Bi(f, g) was invented as a tool to enumerate the symplectic relations among period integrals [13] .
Let us consider some anti-symmetric differential operators ∂ k ∧ ∂ k ′ acing to the solutions f, g of Picard-Fuchs equation as
where ∂ k are the k-th order differential operator with respect to moduli parameter. For periods {f α i , g β j } obtained by integration along the symplectic homology basis {α i , β j },
we can make bi-liner form acting on these periods to have the same symplectic structure as homology cycles
up to normalization. This can be carried out by setting Bi(f, g) to be some linear combination of ∂ k ∧∂ k ′ , and imposing ∂ Bi(f, g) = 0 associated to Picard-Fuchs equation for periods.
Using the ratios of coefficients of Picard-Fuchs equation, we take Bi(f, g) as
Especially in the model, explicit evaluations around the origin show that
and all other combinations vanish.
Using Bi(f, g) on a solution around conifold point, we can estimate topological indices 
. The topological indices can be obtained by using the ratio of bi-linear forms on a period ω c and periods around the origin as . Results for c 2 , K and c 1 withχ = −c 3 = 6 are shown in fig.1, fig.2, and fig.3 , respectively. 
Instanton calculation
Next we demonstrate the mirror symmetry to calculate the instanton numbers in genus 0
[16] and genus 1 [17] in topological string theory. After compactification, we have following expansion for the partition function in topological string theory on Calabi-Yau manifold
For genus 0 case [16] , we have the formula for the quantum Yukawa coupling as the triple derivative of free energy
where a i 's are instanton numbers of the topological string for genus 0. In order to calculate these instanton numbers we use the mirror map. As usual, we set flat coordinate
We define the variable q = e t and invert this relation to express z in terms of q as z(q).
Quantum Yukawa coupling is given by the the transformation of classical Yukawa coupling
Equating (2.32) and (2.43), and expanding in terms of q, we find instanton number a i . For genus 1 case, a derivative of free energy is the quantity we want to know
where b i 's are instanton numbers of genus 1. To compute ∂ t F 1 , we follow the analysis of holomorphic anomaly [17] , and use the formula will be determined for the monodromy matrix around the corresponding singular points by following method. Suppose I is 4 × 4 identity matrix, and M z i is the monodromy matrix around z i where we take standard order of symplectic basis as
T , then M z i − I will be expressed by using a certain integral vector Before closing this section, we mention that we can produce same results by using the original defining curve eq.(2.1) with reduced parameterization, say c 1 = c 2 = c 3 = 0, and with the period integral
3 Mirror transformations of (1,5), (1,3), (1,1) model
Six manifolds with quaternionic symmetry
In this section, we discuss three models with small Hodge numbers such as (5,1), (3,1), (1, 1) by restricting the parameter of model coming from the manifolds X 
Manifolds which are defined by these polynomials have been found in [2] . X 4,68 modulo H × Z 2 is a model with Hodge numbers (1,5), because χ = −128/(8 × 2) = −8, which is smallest combination of Hodge numbers constructed on this manifold. The model we consider here are given by defining polynomial as
In this section, we pursuit the possibility that the mirror model of (1,h 2,1 ) with h 2,1 ≤ 5 would be obtained by suitable restriction of parameter c i 's of the above curve reducing the number of moduli to 1. It is natural to get the mirror of (1,5) model with above curve because it is just the restriction of defining curve of (1, 5) . Besides this case, it is interesting to get mirror models of (1,3) and (1,1) with the family of this curves associated with invariant polynomial on X 4,68 .
Mirror transformation of (1,5)
First we consider the model defined by one of P i 's, for example,
We denote this model as (5,1) because the indices we find below will beχ = 8. Fundamental period ω 0 of this model is calculated in the same way as in previous section. It is easy see that the curve with any P i will produce the same fundamental period. We have Picard-Fuchs equation for periods, whose coefficients are given by
This Picard-Fuchs equation is "AESZ 16" in the database [15] . The local property of the solution is given by These are checked directly by using bi-linear form Bi(f, g).
Using classical Yukawa coupling
we can calculate genus 0 instanton numbers a i . A choice we take here is
Due to the relation
and by changes of variables, this curve is expressed as follows
The quadratic form of this curve may enhance the symmetry of the models. We do not investigate here singularities and degrees of freedom of deformations corresponding to this model in detail, we anticipate that three polynomials {P 1 + 2P i + 8} (i = 3, 4, 5) would define (1, 3) Calabi-Yau space somehow. We would like to refer the model defined by eq.(3.47) as the mirror of (1,3) due to Euler numberχ = −c 3 coming from the monodromy as we will see below.
Picard-Fuchs equation is expressed by following coefficients
This operator is found as "AESZ 23" in the database [15] . The local properties of the solutions are read as
Next we analyze monodromy behavior around z = 0, 1 32
, 1 16 with unknown c 3 as
where we set α = 0. This result shows that indices for this models must be
This is the reason why we refer this model as the mirror of (1,3).
One of strange things in this model is that monodromy matrix around z = 1 16 does not have standard form, and its square becomes the one we expected
Classical Yukawa coupling is with restriction a 1 = a 2 = 0. We can derive Picard-Fuchs equation (AESZ 34 [15] ), and expect consistent result for χ = −4 with K = 6, c 2 = 6. However, monodromy matrices can not be integral, thus we would conclude this is a mirror of (1,5) model of χ = −8 with
Second one is the model on X 
Mirror transformation of minimal model (1,1)
The model which has minimal Hodge numbers is (1, 1) . This model is originally found by studying 24-cell in [7] . A example of curve to define this model in C 8 is
with identifications
Reducing the number of variables by using above identifications from eight to four, and changing variables, effective curve would be 
This is nothing but "AESZ 366" in the database [15] . The local property for periods is summarized as Curious results appear about genus 0 instanton numbers. Following same procedure as before, and using classical Yukawa coupling
we find that instanton numbers in genus 0 level for even order become negative. Monodromy matrices are consistent, and instanton numbers are all integers in genus 0 and 1 level, however some of them become negative.
Conclusion and Discussions
We have presented mirror transformations of Calabi-Yau manifolds whose Hodge numbers (h 11 , h 21 ) are both small. We have determined the monodromy of the models completely, and enumerated genus 0 and 1 instanton numbers of the models by using weighted discriminant for genus 1 level. Results based on the mirror models of (1, 5) and (1, 4) are consistent.
Since the Yukawa coupling as well as instanton numbers in genus 0 in these quotient models are directly related to the quantities on originated manifolds by division of freely acting group, genus 1 calculations are more significant. We have also proposed the description for mirrors of (1,3) and (1,1) models by using invariant polynomials of (1,5) model. Results in (1,3) case look reasonable, however in minimal case (1,1) negative and half integer value of instanton numbers appear against our expectation. Special treatment might be needed when you calculate instanton numbers in the model with Euler number χ ≥ 0.
We attempted as many combinations as possible of invariant polynomials that could be viewed as definitions of mirror models of Calabi-Yau with small Hodge numbers discussed in section 3, however we couldn't find an appropriate one to a mirror of (1,2) model. The extention to include sets of invariant polynomials of (1,4) model on X 8,44 , or (1,3) model on X 5,45 did not work well so far. It is interesting to recognize how to describe the model (1, 2) in a way suggested in [4] and its mirror.
The numerical integration around singular points to fix monodromy behaviors would be applicable to several modulus case. This method may help us to perform mirror transformations for various string compactifications. It is interesting if (2, 2) model could be analyzed in a view point of mirror symmetry transformation by applying methods we discussed here, as well as the conifold transition to other models such as (1, 3) and (1, 4) .
Also investigations to apply these methods to the mirror symmetry with small Hodge numbers in open string theories including D-branes would be interesting.
